We report on a study of eclipse times in contact binary systems, using long-cadence lightcurves in the Kepler archive. 'Observed minus calculated' (O−C) curves were produced for both the primary and secondary eclipses of the contact binaries. These curves are distinct for their random-walk like variations, with typical amplitudes of ±200-300 seconds, quasi-periodicities, and anticorrelations between the curves of the primary and secondary eclipses. These phenomena cannot be explained by a model involving mass transfer, which among other things requires implausibly high rates of ∼0.01 M ⊙ yr −1 . We show that the anticorrelated behavior, the amplitude of the O −C delays, and the overall random-walk like behavior can be explained by the presence of a starspot that is continuously visible around the orbit and slowly changes its longitude on timescales of weeks to months. The quasi-periods of ∼50 − 200 days observed in the O − C curves suggest values for k, the coefficient of the latitude dependence of the stellar differential rotation, of ∼0.003−0.013.
INTRODUCTION
Contact binary stars occur relatively frequently among eclipsing binaries (Rucinski 1998) . A contact binary system consists of two dwarf stars, most often from the F, G, and K spectral classes, that are surrounded by a common convective envelope. The orbital period distribution peaks in the 8 to 12 hour range. Most systems, though not all, have orbital periods between 0.2 and 1.0 days (Maceroni & van't Veer 1996; Paczyński et al. 2006) . While the masses of the two component stars of a contact binary are typically unequal, the two stars usually have approximately equal surface temperatures due to the effects of mass and energy transfer between the components via a common convective envelope (Lucy 1968) . The properties of the envelope, the energy transfer between the components, and the overall internal structure of the components have been investigated by many authors (see, e.g., Kähler 2002; Webbink 2003; Kähler 2004; Csizmadia & Klagyivik 2004; Li et al. 2004; Yakut & Eggleton 2005; Stepień & Gazeas 2012) . Contact binaries are often referred to as W UMa systems in honor of the prototype.
Some variable stars that were classified as contact binaries in earlier studies are now considered otherwise; their light curves are thought to merely mimic the light curves of true contact binaries. For example, while AW UMa is actually a semi-detached system with a material ring, it exhibits a light curve much like that of a contact binary (Pribulla & Rucinski 2008) . This example and others demonstrate that it may be difficult to determine in practice whether a binary is a con-tact or a semi-detached system based only on a photometric time series.
Although contact binaries make up an important part of the Galactic stellar population, their formation and final-stage evolutionary states are still not clear (Paczyński et al. 2006; Eggleton 2006) . Possible formation processes and evolutionary outcomes have recently been summarized by Eggleton (2012) . Many, if not all, contact binaries may be members of triple star systems, which could drive the formation of these extremely close binaries through a combination of the Kozai mechanism and tidal friction (Robertson & Eggleton 1977; Kozai 1962; Kiseleva et al. 1998; Fabrycky & Tremaine 2007) . It is also thought that rapidly rotating single stars may be formed from the coalescence of the components of contact binaries (Li et al. 2008; Gazeas & Stepień 2008) . These open questions about the formation, evolution, and final state of contact binaries make them one of the most intriguing classes of objects in stellar astrophysics (Eggleton 2012) .
Many contact binaries show signs of stellar activity, presumably because the component stars are rapid rotators with deep convective zones. Doppler imaging has revealed that some contact binaries are almost fully covered by rather irregular spot-like structures (Maceroni et al. 1994 on AE Phe and YY Eri; Hendry & Mochnacki 2000 on VW Cep; Barnes et al. 2004 on AE Phe; Senavci et al. on SW Lac) . Signs of high levels of coronal activity are often apparent; this helps explain why contact binaries can be relatively strong X-ray emitters (Geske et al. 2006) . It may be noted that the first flare event which was simultaneously observed both in X-rays and at radio wavelengths from a star other than our Sun was from the contact binary VW Cephei (Vilhu et al. 1988) . Ground based multicolor photometry demonstrated an Hα excess in two contact binary systems that is thought to have a coronal origin, and to be related to the presence of dark spots on the photosphere (Csizmadia et al. 2006) .
Several contact binaries exhibit night-to-night light curve variations which may be explained with fast spot evolution on orbital-(or even suborbital-) period timescales ). On the other hand, the eclipse timing variations of several contact binaries show quasi-periodic oscillations on a time-scale of ∼10 years, and those features were interpreted as indirect evidence of solar-like magnetic cycles (see e.g., Qian 2003; Awadalla et al. 2004; Borkovits et al. 2005; Pop & Vamos 2012) . These results are in accord with the work of Lanza & Rodonó (1999) , which concluded that the timescales for magnetic modulations are strongly and positively correlated with the orbital periods of the systems. This relation makes contact binaries excellent laboratories in which to investigate the temporal variations and evolution of stellar spots, in part because the timescales of the variations are shorter than in other types of binary and single stars. However, the shortest among these timescales can be problematic to study using ground-based observatories because they are comparable to the length of an Earth night. Kalimeris et al. (2002) noted that the migration of starspots on the surface(s) of the constituent stars in short-period binaries, especially contact binaries, could affect measurements of eclipse times and thereby mimic changes in the orbital period. Kalimeris et al. (2002) also showed that the perturbations to the observed minus calculated (O − C) eclipse-time curves would generally have amplitudes smaller than ∼0.01 days, and could appear to be quasiperiodic on timescales of a few hundred days or so if the spot migration is related to differential rotation of the host star.
The planet-finding Kepler mission (Borucki et al. 2010; Koch et al. 2010; Caldwell et al. 2010 ) has observed more than 150,000 stars over the past four years. The monitoring of each star is nearly continuous, and the photometric precision is exquisitely high (Jenkins et al. 2010a; 2010b) . These capabilities have led to the discovery of more than 2600 planet candidates (Batalha et al. 2013) , and also of a comparable number of binary stars (Slawson et al. 2011; Matijevič et al. 2012) . Some 470 of the newly-discovered binaries have been classified as contact or overcontact systems (Slawson et al. 2011). 6 In this work we report on a study of eclipse times of contact binaries using archival Kepler data. In Section 2 we describe the data preparation, the estimation of the eclipse times, and the production of O − C curves for each contact binary. In Sect. 3 we present the O − C data for a selection of 32 contact binaries which exhibit common interesting features including random-walk like, or quasi-periodic excursions in the O − C behavior with amplitudes of ∼± 200-300 sec, and a generally anticorrelated behavior in the O−C curves for the primary and secondary eclipse minima. In Sect. 4 we extend the work of Kalimeris et al. 2002 in order to explain some of these characteristics with a very simple model involving a cool (or hot) spot on one of the stars that drifts slowly around the star on timescales of weeks to months. We discuss the significance of our results in Sect. 5.
DATA ANALYSIS

Data Preparation
The present study is based on Kepler long-cadence (LC) lightcurves. To start, we retrieved the LC lightcurve files for Quarters 1 through Quarter 13 for all of the candidates in the latest Kepler eclipsing binary catalog (Slawson et al. 2011) that were available at the Multimission Archive at STScI (MAST). We used the lightcurves made with the PDC-MAP algorithm (Stumpe et al. 2012; Smith et al. 2012) , which is intended to remove instrumental signatures from the flux time series while retaining the bulk of the astrophysical variations of each target. For each quarter, the flux series was normalized to its median value. Then, for each target, the results from all available quarters were concatenated together in a single file.
The next step in the data processing was to apply a highpass filter to each stitched light curve. A smoothed light curve was obtained by convolving the unsmoothed light curve with a boxcar function of duration equal to the known binary period. The smoothed light curve was then subtracted from the unsmoothed light curve. This procedure largely removes intensity components with frequencies below about half the binary frequency, while leaving largely intact temporal structures that are shorter than the binary period. Periodicallyrecurring features of the light curve are essentially unaffected.
The reference epoch for all times in this paper is Barycentric Julian Day 2454900.
O − C Eclipse Times
Since long-cadence data with relatively coarse time resolution were used for the present study, an interpolation method was needed to estimate eclipse times with an accuracy better than ∼1700 s. The algorithm utilized for the determination of eclipse times consists simply of identifying the flux values in the light curve that represent local minima, and then fitting a parabola to that value and the immediately preceding and succeeding values. The time of the minimum of the fitted parabola is used as the time of eclipse minimum (see Rappaport et al. 2013 for details of the algorithm). This algorithm provides excellent accuracy for short-duration eclipses, but loses some accuracy when the eclipse duration is longer than ∼10 long-cadence samples. For contact binaries with periods between ∼0.2 and 1 day, however, the algorithm works well and typically yields eclipse times subject to an rms scatter of ∼30 s.
Once the times of the primary eclipses were found for each source, a linear function consisting of the eclipse cycle count times the orbital period taken from the Slawson et al. (2012) catalog was used in order to form an 'observed minus calculated' (or "O − C") curve. If the binary orbit is circular and is not perturbed by a third body in the system, and if the shape of the eclipses remains constant, the O − C curve should be a straight line.
In addition to the primary eclipses, O − C curves were also calculated for the secondary eclipses of all the binary systems.
For each binary, the O −C curve for the primary eclipse was fit with a linear function to determine the best average of the orbital period over the ∼3-year interval of the Kepler data set (Quarters 1-13). This corrected period was used to produce final O − C curves for both the primary and secondary eclipses. Since most of the interesting variations in the O −C curves occur on a time scales of weeks to months, the O−C curves were smoothed to reduce the amplitudes of high-frequency variations without substantially degrading longer-term features. This was accomplished by convolving each O − C curve with a boxcar function of 5 day duration, thereby typically averaging over some 10-15 O − C values, i.e., orbital cycles.
CONTACT BINARY O −C CURVES
The O −C curves for the contact binaries in the present data set exhibit numerous interesting features on a number of dif- Figure 1 . A sample of O − C curves for an illustrative set of eight Kepler contact binary systems with KIC numbers in the range of 1873918 to 5008287. The O − C curves for the primary and secondary eclipses are shown as red and blue curves, respectively. The curves have been smoothed over a 5-day interval, comprising typically 10-15 eclipses. These O − C curves typically exhibit random-walk-like or quasi-periodic behavior. The O − C curves for the primary and secondary eclipses are often anticorrelated. ferent time scales. They are easily distinguishable from the O − C curves of other binaries by virtue of the presence of random-walk like variations and quasi-periodicities, and by clearly-evident anticorrelations between the primary and the secondary O − C curves. We discuss this latter point at length below.
Illustrative O − C Curves for Contact Binaries
From a set of O − C curves for over 2000 Kepler binaries, we selected a group of about 100 intended to illustrate the properties that seemed common to the contact binaries. To be specific, curves were selected for having random-walk like variations or quasi-periodicities and for those systems having orbital periods in the range of ∼0.25-0.45 days, though, the latter condition was usually satisfied by the former. Seemingly, anticorrelations between the primary and the secondary O − C curves are apparent in a majority of the selected systems. Below, we quantify the degree of anticorrelation, and attempt to explain how this phenomenon might arise.
Thirty two of the selected O − C curves which exhibit the characteristic random-walk like and/or quasi-periodic behavior and also at least some degree of anticorrelation between the primary and secondary curves are shown in Figures 1-4. Of these 32 systems, 21, 8, and 3 are classified by Slawson et al. (2011) as "overcontact" binaries, "ellipsoidal light variation" binaries (i.e., close binaries that do not exhibit eclipses), and "uncertain" binary types, respectively. There are several potentially important features to note about the selected sets of O −C curves presented in this paper. The peak-to-peak amplitudes of the short-timescale randomwalk like behavior are typically about 500 seconds, although a few systems exhibit somewhat higher amplitude variations. ure 1) are anticorrelated over the 100-day time scales of their quasiperiodic variations, but show an overall positive correlation on timescales over ∼800 days.
For this sample of contact binaries, O − C curves were also calculated for the times of the two maxima in each orbital cycle. Folded light curves were used, in a manner analogous to the process of generating the times of eclipse minima, to determine the phase ranges over which to search for the maxima. The O − C curves for the two maxima as well as the two eclipse minima of one of the contact binaries, KIC 9451598, are shown in Figure 5 . The two O − C curves for the eclipse maxima are clearly anticorrelated with respect to each other in the same way as are the O − C curves for the eclipse minima. In addition, the plot suggests that the O −C curves of the maxima are offset in phase from the curves of the minima by about 90
• , i.e., that the rate of change in one curve is maximal at the amplitude extrema in the other curve. We attempt to explain both the 180
• and 90
• phase shifts with a simple starspot model in Sect. 4.
To demonstrate more quantitatively the anticorrelated behavior between the O −C curves of the primary and secondary eclipses, we show a point by point correlation plot for one system: KIC 7691553 (O − C curves shown in the bottom right panel in Fig. 2 In addition to computing and displaying correlation plots for all of the contact binaries in our sample, we also computed formal cross correlation functions (CCFs) for all the pairs of (one-day rebinned) eclipse O − C curves. The plots mostly confirm the characteristic timescales observed in the O − C curve variations, as well as the anticorrelated behavior at zero time lag.
Fourier transforms of the O − C curves for our sample of contact binaries do not show, in general, any strong peaks, except for the known beat frequencies between the orbital period and the long-cadence sampling time (see Rappaport et al. 2013 for details). Plots of log A ν vs. log ν, where A ν is the Fourier amplitude and ν is the frequency, generally show more or less linear relations with logarithmic slopes of approximately −1.0 to −1.3 that are similar to Fourier spectra associated with random-walk behavior.
4. MODELS 4.1. Period Changes Most of the structure seen in the O − C curves for the contact binaries cannot represent actual changes in the orbital periods (see Kalimeris et al. 2002 for a related discussion). The argument is simple. For circular orbits like those expected for contact binaries, period changes would produce similar, i.e., positively correlated, effects in both the primary and secondary O −C curves. Therefore, the variations associated with anticorrelated behavior cannot be the result of orbital period changes.
In addition, mass transfer could not drive such rapid changes in the O −C curves even if the primary and secondary eclipses were not anticorrelated. This may be understood quantitatively by representing a small portion of the O − C curve as:
where τ and T are rough measures of the amplitude and cycle time of the undulations in the O − C curve, and t is the time.
If the variations were caused by orbital period changes, the second derivative of the O − C curve would be related to the first derivative of the orbital period aṡ
It is straightforward to show that mass transfer in a binary results inṖ orb /P orb ≈Ṁ/M. Therefore, the implied mass transfer rate would be of ordeṙ
For characteristic O − C amplitudes of ∼ ±200 seconds and cycle times of ∼50-200 days (see Figs. 1-4), we find implied mass transfer rates ofṀ/M ≃ 0.001 − 0.01 yr −1 . These rates are implausibly large even for a contact binary. 
Slightly Eccentric Orbits
The orbits of contact binaries must generally be circular or nearly circular. However, it is perhaps conceivable that perturbations from a third body, or even some stochastic massexchange, magnetic event, or other physical process could induce a very minor eccentricity from time to time. The apsidal motion that would then ensue would result in O − C variations, to first order in eccentricity, with amplitudes of τ = ±(P orb /2π)2e cosω for the primary and secondary minima, respectively (Gimenez & Garcia-Pelayo 1983) ; ω is the longitude of periastron. Consequently, an O − C amplitude of ±300 sec in a binary with an orbital period of 0.3 days requires a minimum eccentricity of ∼0.04. Since this is implausibly high for a contact binary, slightly eccentric orbits are unlikely to be the cause of most of the anticorrelated behavior that is apparent in the observed amplitudes. Here we consider a simple geometric model wherein a single spot on one of the stars might produce the anticorrelated behavior seen in the timing of the primary and secondary eclipses. In this simplistic picture, the stars are taken to be spherical and to be rotating synchronously with the orbit. Thê z direction is defined to be parallel to the orbital angular momentum vector; the stars revolve in the x − y plane. The observer is located in the y − z plane and views the system with conventional orbital inclination angle i. The unit vector in the direction from the system toward the observer is then V = cos iẑ + sin iŷ. For a spot located at colatitude α, the angle from the stellar pole, and stellar longitude, ℓ, the unit vector pointing from the center of the star through the spot is S = sin α sin(ωt + ℓ)x + sin α cos(ωt + ℓ)ŷ + cos αẑ, where ω is the orbital angular velocity. A starspot located at ℓ = 0
• and α = 90
• is defined to lie along the line segment connecting the two stellar centers.
The spot is assumed to occupy a small portion of the surface of the star and is taken to radiate in a Lambertian manner. The projected area of the spot normal to the line of sight is proportional to the cosine of the angle between the normal to the spot area and the direction toward the observer, V · S. If this dot product is negative, the spot is on the hemisphere of the star facing away from the observer and is not visible. When the dot product is positive, the spot is not occulted, and if limb darkening may be neglected, the apparent brightness of the star is changed by the presence of the spot according to the expression
where ǫ is a constant with dimensions of flux assumed to be much less than the overall flux from the binary. In order for the spot to remain continuously visible, ∆F must always be positive. Such a condition requires that cos α cosi > sin α sin i, or, equivalently, α + i < 90
• .
Analytic Estimate of the O −C Amplitudes
When no spots are present, the light curve of a contact binary may be represented with sufficient accuracy by
where time t = 0 corresponds to the time of primary eclipse (here indistinguishable from the secondary eclipse) and where the constant term has been dropped. In this crude model, B is the modulation amplitude due to both ellipsoidal light variations and eclipses. When one spot is present, the observed flux as a function of time, again aside from constant terms, will then be:
We can now examine analytically how the two minima and the two maxima are shifted in phase relative to the case of no spot. The analysis is straightforward since it is assumed that ǫ ≪ B as mentioned above. After expanding the relevant trigonometric functions for small excursions about their nominal extrema, and neglecting high order terms, the four phase shifts, in radians, are found to be:
where n = 1 or 2 for the first or second, respectively, minimum or maximum. It is immediately clear that (i) the shifts of the times of the two minima are anticorrelated; (ii) the shifts in the two times of maxima are anticorrelated; and (iii) the changes in the times of the two maxima are 90
• out of phase with respect to the times of the two minima. It is also clear from these expressions that the phase shifts depend on the spot longitude; a near uniform migration in longitude with time leads to a quasiperiodic O − C curve.
In some timing analyses, the eclipse center is defined as the midpoint between the ingress and egress times, e.g., at their half intensity points. Perturbations to such eclipse centers can also be worked out analytically using the same formalism and approximations as discussed above. The corresponding shifts in the eclipse times are the same as given by eqn. (7), except that they are larger by a factor of √ 2. The (half peak-to-peak) amplitude of the O − C variations seen as the spot migrates around the star at constant α can be computed from eqn. (7) and is given in units of time by:
The coefficient quantifying the photometric strength of the spot may be estimated by
where r spot is the radius of the spot, R 1 is the radius of the star with the spot, ∆T is the decrement (increment) in temperature of the cool (hot) spot, and B 0 is the mean brightness of the binary. Finally, if we define an eclipse depth in terms of the fractional decrease in intensity at eclipse minimum, ξ ≡ B/B 0 , the expression for the amplitude of the O −C shifts becomes:
For the illustrative parameter values of ξ = 0.04, α = 45
• , r spot /R 1 = 0.2 (equivalent to a spot radius of 11.5
• of arc on the stellar surface), ∆T /T = 0.15, and P orb = 8.7 hours, we find ∆τ ∼170 s, a value similar to those seen in the O − C observations.
Eclipses and Spot Occultations
An eclipse in a binary system consisting of two spherical stars of radii R 1 and R 2 will only occur if the inclination satisfies
If we use the Eggleton (1983) analytic approximation for the size of the Roche lobe for a range of mass ratios of 0.3 M 2 /M 1 3, we find that (R 1 + R 2 )/a is very close to ∼0.76, corresponding to a minimum inclination angle of ∼41
• (see Fig. 7) . Finally, this model only produces strictly anticorrelated primary and secondary O −C curves if the spot is not occulted by the companion star. If the spot is not occulted when it is located at longitude ℓ = 0, then it will not be occulted when it is at any other longitude 7 . A condition on the inclination angle to avoid occultation of the spot at ℓ = 0 is relatively straightforward to derive. If the radii of the star with the spot and the second star are R 1 and R 2 respectively, then the constraint can be written as one on the angle α as a function of inclination:
The constraints on the inclination angle and the spot colatitude are summarized in Fig. 7 . The spot colatitude is plotted on the y axis and the inclination angle on the x axis. Viable regions in this parameter space lie to the right of the vertical line at 41
• , below the spot visibility line given by the requirement that α + i < 90
• , and below the curves given by eq. (13).
LIGHT CURVE SIMULATIONS WITH PHOEBE
In order to verify the validity of some of the approximations used for our simple model, we utilized the Phoebe binary light curve emulator (Prša & Zwitter 2005) to model a contact binary system where either one cool or one hot spot may be present on one star. As a representative model, we utilized the Phoebe fit to the folded light curve of KIC 3437800, a Kepler contact binary whose O − C curves are also anticorrelated, though it is not included in the present sample of 32 systems. That fit yielded the parameters P orb = 8.7 hours; i = 40
• , T eff = 6185 K, and q = M 2 /M 1 = 0.62 that specify the baseline no-spot model. A hot or cold spot was then placed at one of a variety of locations on the surface of the primary star, and orbital light curves were simulated. The times of the four extrema (two eclipses and two out-of-eclipse maxima) were found using the same parabolic interpolation method used for the actual Kepler data. 7 The proof of this is simple to visualize. Project the kinematic trajectory of the spot over the course of a binary orbit onto a plane perpendicular to the line of sight and compare it to the trajectory of the highest projected point on the companion star. For this particular example, the spot was positioned at α = 45
• , ℓ = 90
• , and was given a radius of 10
• on the surface of the primary and a temperature that was elevated by 15% over the local T eff of the star. Fig. 8 shows the difference between the light curves of the models with and without the spot. The difference curve is not exactly a pure sine function. This can readily be understood in terms of limb-darkening, by modifying eq. (4) with a simple linear limb darkening law such that:
where cos θ represents the dot product between the direction to the observer and the spot vector with respect to the center of its host star, and u is the linear limb-darkening coefficient. Substituting in the expression for the dot product, we can write the above expression as:
where A is a DC offset. Basically, this is equivalent to equation (4) except for the addition of a cos 2 term which accounts for the limb darkening. A best-fit curve of the form given by eq. (15) is superposed on the data obtained from the Phoebe simulations in Fig. 8 . The fit is excellent. Phoebe model light curves were then computed for cases with the spot centered at each of a set of longitudes covering the range 0
• ≤ ℓ ≤ 360 • , and still at a colatitude of α = 45
• . The O − C results are shown in Fig. 9 for the two eclipses as well as the two maxima. It is immediately evident that the O −C curves for the two eclipses are indeed anticorrelated, as are the curves for the two maxima; however, they are not pure sine curves. The nonsinusoidal behavior of the O − C curves must differ from that in the simple model because limb darkening produces a lightcurve for the spot that is not exactly sinusoidal (see Fig. 8 ). When the analytic expressions for the phase shifts, as given in eqns. (7) and (8), are rederived while accounting for limb-darkening per eq. (15), highly analogous results are found except that the sin ℓ term in eq. (7) is multiplied by a factor of (1 ± χ cosℓ) while the cos ℓ term in eq. (8) is multiplied by a factor (1 ± χ sin ℓ), where χ is a geometrydependent number of order 1/3 − 1/2. Therefore, even after including limb darkening, the O − C curves for the primary and secondary eclipses (as well as for the two maxima) are still anticorrelated in the sense that their values always have opposite signs, however the magnitudes are not quite equal.
In Fig. 9 we show fits to the Phoebe-generated O −C curves (filled circles) using the functions of ℓ given in eqns. (7) and (8), but with each multiplied by the extra factor discussed above. The free parameter χ was found to be consistent with 0.45 ±0.04 for all four curves. Since the fits are quite good, it appears that the simple model formalism captures the important aspects of the effects of starspots.
DISCUSSION
The simple starspot model presented here to explain both the general appearance and amplitude of the O − C curves for contact binaries, as well as the anticorrelations between the O −C curves for the primary and secondary eclipses, seems to work remarkably well. At this point, it is natural to wonder to what degree similar effects, especially the anticorrelations between the O−C curves for the primary and secondary eclipses, would be observable in longer period binaries.
For longer orbital periods, the eclipse duration is given in terms of orbital cycles by:
where the approximation has been made that
The eclipse profiles may be crudely approximated as in eq. (5) by taking B = −B cos Nωt for times t near those for which ωt = Longitude of StarSpot (degrees) Figure 9 . Phoebe generated O −C curves for the binary system described in Fig. 8 , and modeled after KIC 3437800. The red and blue points are for the primary and secondary eclipses, respectively, while the green and cyan points are for the out-of-eclipse maxima. The smooth curves are fits to a simple spot model, modified by limb darkening, as discussed in Sect. 5. 0 and ωt = π. Here N would be given by
In the discussion presented above, e.g., in eq. (5), we had taken N = 2 to represent a contact binary. For stars of a fixed, typical, unevolved size, eq. (17) states that N ∝ a ∝ P 2/3 orb . When the calculation that led to eqs. (7) through (11) is recast in terms of N with all other parameters held fixed, the leading factor of 1/4 becomes 1/N 2 . In turn, this implies that
This result may be applied, for example, to a binary with a ∼30-day period, i.e., a period approximately two orders of magnitude longer than that of a typical contact binary. In a binary with this longer period the spot-induced O − C variations would be reduced in amplitude by a factor of ∼5 over those of a contact binary comprising similar stars and having similar spots. In addition to this decrease in amplitude due essentially to the shorter duty cycle of the eclipse in longer period binaries, several other effects also tend to reduce the observability of anticorrelated behavior in their O − C curves. First, for longer orbital periods, eclipses will only be seen in general for inclinations nearer to 90
• . For larger inclination angles, starspots must be located nearer to the poles of the stars (see Fig. 7 ) to avoid being occulted during the eclipses. Not only will the unocculted region be smaller, but also spots may be less likely to occur near a stellar pole. Second, it is plausible that contact binaries are more likely to have large spots and that any spots on them tend to be larger than the spots on the stars in longer period binaries. Finally, in order for the present starspot model to be effective in producing anticorrelated O − C curves, the stars in the binary would be required to rotate nearly synchronously with the orbit. With increasing orbital periods this becomes less and less likely.
Another question that arises in connection with the proposed starspot model is what happens to the basic equation for shifts in the eclipse timing, as in eq. (7), when there is more than one starspot present at the same time? The result is simply a sum of terms as given in eq. (7) but with a distribution of spot parameters, including different stellar longitudes -the latter being by far the most important. For the case where a single spot of a given area and temperature decrement is divided into n smaller spots of the same total area, and assigned a random distribution of ℓ values, the net result will be a simple decrease in the amplitude of the resultant O − C curve by roughly √ n. Thus, even if there are, e.g., 10 smaller spots present on one star, the amplitude of the shifts in eclipse timing are likely to be reduced by only a factor of a few. If, by contrast, the number of spots increases to n, but their sizes and temperature decrements remain unchanged, then the amplitude of the O − C curve increases by √ n. In either case, these collections of spots still have to migrate in a semi-coherent way, if quasi-periodic behaviors in the O − C curves are to be observed.
The quasiperiodic O − C variations with characteristic time scales ∼50-200 days should carry information about the surface differential rotation of the stellar components in our sample of contact binaries. Following Kalimeris et al. (2002) and Hall & Busby (1990) , we use a differential rotation law of the form:
where, again, α is the colatitude of the spot, and P α is the rotation period at colatitude α. The migration period, P mig is then: where the right hand approximation is based on the assumption that k ≪ 1. If the 50-200 day time scales are interpreted as migration periods, the values of k must be in the range 0.003 -0.013, in good agreement with, but covering a smaller range than, the values cited by Kalimeris et al. (2002) and Hall & Busby (1990) . Finally, we noted above that the O −C curves for some systems show evidence of positive correlations between the primary and secondary curves on relatively long time scales. For contact binary systems with a high degree of anticorrelated behavior between the O − C curves for the primary and secondary eclipses, there is a simple way to separate out most of the starspot-induced eclipse timing changes from most of the changes that represent other effects such as the perturbations due to third bodies. This involves forming the sum of the two O − C curves, divided by 2, as well as the difference, divided by 2. The latter tends to emphasize the effects of starspot activity, while the former tends to remove them, and thereby possibly show more clearly any effects due to, e.g., a third body. These sum and difference curves are particularly illuminating for systems that show long timescale positively correlated O − C curves, but with short timescale anticorrelated behavior. This is demonstrated in Fig. 10 for KIC 8956957. The top panel shows the average of the two O −C curves, and indicates very little residual structure of interest. By contrast, the bottom panel, which shows the differences between the O − C curves, clearly exhibits the quasiperiodic behavior that we attribute to a starspot (or spotted region). Figure 11 shows sum and difference O − C curves for KIC 1873918. In this case, the summed curve (top panel) shows long-term behavior that could be indicative of orbital motion induced by a third star. The superposed smoothed curve shows the results of fitting for both the Roemer delay and the physical delay (see, e.g., Rappaport et al. 2013 , and references therein), both due to the presence of a third star. The inferred physical delay for this system is very small, as expected from the short binary period and the much longer inferred orbital period of the third star. Aside from some residual smallamplitude modulations in the O − C curve, presumably due to starspots, the fit is quite respectable. The fitted parameters are: P orb ≃ 854 days, eccentricity ≃ 0.63, longitude of periastron ω ≃ 251
• , Roemer amplitude ≃ 280 s, and mass function ≃ 0.032 M ⊙ . This object was missed as a candidate triple-star system in the initial search by Rappaport et al. (2013) likely because of the effects of starspot activity.
Summed O − C curves for all of our illustrative sample of contact binaries were computed and examined for possible evidence of a third body. The results for some six of the systems 8 show clear long term quadratic trends which correspond to constant rates of change in the orbital periods. Typical values of the quadratic terms areṖ orb ≃ 10 −8 days/day, or P orb /Ṗ orb ≃ 0.1 Myr. The presence of long term quadratic trends in the O − C curves of overcontact binaries is not unusual. For example, Qian (2001a; 2001b) lists 42 systems that evidently exhibit such features. The mean value of P orb /Ṗ orb found by Qian et al. (2001a) for 12 contact binaries is 2.7 Myr, and for an additional 10 classified as 'hot contact binaries' is 4.4 Myr. All but one of these has a positive sign, indicating a lengthening period. Several other systems are also listed elsewhere in the literature. The Qian (2001a) values forṖ orb thus represent a factor of ∼30 more slowly evolving periods than the handful that we are able to detect in the Kepler collection. Their greater sensitivity is due to the long historical baseline of the plates they utilized (∼80 years vs. 4 years for the Kepler data base), in spite of the lower precision in timing the eclipses. We note, however, that larger detected values ofṖ orb in contact binaries are not unprecedented, e.g., LP UMa has P orb /Ṗ orb ≃ 0.2 Myr (Csizmadia, Bíró, & Borkovits 2003) . In any case, such quadratic trends observed for the Kepler binaries might indicate the presence of a third body in a much longer orbit than ∼1200 days, i.e., the length of the Kepler data train utilized in this work. Or, such quadratic trends could possibly be explained by evolutionary effects, which manifest themselves via different forms of mass exchange between the stellar components. These could include mass transfer in the context of thermal relaxation oscillation theory (Lucy 1976; Webbink 1976; Webbink 2003) , or via angular momentum loss driven by stellar winds and/or magnetic braking (see, e.g., van't Veer 1979; Mochnacki 1981; van't Veer & Maceroni 1989) .
7. SUMMARY AND CONCLUSIONS Kalimeris et al. (2002) and earlier works showed that photometric perturbations, and, in particular, starspots may affect measured O − C times, and that those perturbations are not properly interpreted in terms of orbital period changes. They noted that spot migration could produce (quasi)periodic effects in the O-C curves.
In this work, we have substantially extended these earlier results. We have used (a) the Kepler data base for binary stars, and (b) an analytic model to provide good insight into the timing effects of starspots on the O − C curves. In particular, we (i) identified a sample of Kepler target short-period binaries (i.e., P orb 1 day) that appear to manifest the effects of a single spot or a small number of spots on their O − C curves; these quite often have the form of a random-walk or quasiperiodic behavior, with typical amplitudes of ∼± 300 s. Most of these O − C curves also exhibit a very pronounced anticorrelation between the primary and secondary eclipses.
(ii) We developed a simple idealized model that illustrates the major effects that starspots have on measured eclipse times. In particular (iii) we showed that a spot will, in general, affect the times of primary minimum and secondary minimum differently, with the predominant effect being an anticorrelated behavior between the two, provided that the spot is visible around much of the binary orbit. (iv) We also showed that a spot can equally well affect the times of the two maxima in each orbital cycle, and that the effects on the two maxima should be different, typically including anticorrelated behavior between them and a 90
• phase shift with respect to the eclipse minima. (v) All of the same types of timing behavior are expected for close binaries that do not eclipse at all, i.e., so-called "ELV" binaries, and in fact, 8 of our sample of 32 systems that we have highlighted are in this latter category. (vi) We have found that a few of the selected contact binaries showed positively correlated variations in the O − C curves for their primary and secondary eclipses on long time scales as well as the anticorrelated variations that are most evident on shorter time scales. We then demonstrated (vii) that sum and difference O −C curves between the primary and secondary eclipses are useful in distinguishing between the two types of variations. (viii) We used this latter technique (i.e., of summing the two O − C curves of the primary and secondary eclipses) to better isolate the effects of a possible third body in the system. In the process we found a likely Roemer delay curve for one of the systems, as well as convincing evidence for a long-term quadratic trend in six other systems. (ix) Finally, we found that the O − C difference curves often appear to be dominated by 50 to 200 day quasiperiodicities that we interpret in terms of the migration of spots, due to differential rotation, relative to the frame rotating with the orbital motion.
